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RESONANCE FREE DOMAIN FOR A SYSTEM OF
SCHRO¨DINGER OPERATORS WITH ENERGY-LEVEL
CROSSINGS
K. HIGUCHI
Abstract. We consider a 2× 2 system of 1D semiclassical differential
operators with two Schro¨dinger operators in the diagonal part and small
interactions of order hν in the off-diagonal part, where h is a semiclassical
parameter and ν is a constant larger than 1/2. We study the absence of
resonance near a non-trapping energy for both Schro¨dinger operators in
the presence of crossings of their potentials. The width of resonances is
estimated from below by Mh log(1/h) and the coefficient M is given in
terms of the directed cycles of the generalized bicharacteristics induced
by two Hamiltonians.
Keywords: Resonance; Born-Oppenheimer approximation; energy-level
crossing.
Subject classifications: 35P15; 35C20; 35S99; 47A75.
1. Introduction
We are interested in the resonance free domain for the semiclassical 2× 2
matrix Schro¨dinger operator
(1.1) P (h) =
(
P1 h
νW
hνW ∗ P2
)
,
where
Pj = −h2 d
2
dx2
+ Vj(x), x ∈ R, (j = 1, 2).
Here h > 0 denotes the semiclassical parameter, ν > 1/2, W = W (x, hDx)
is a first-order semiclassical differential operator and W ∗ denotes its formal
adjoint. Such operator appears in the Born-Oppenheimer approximation of
molecules, after reduction to an effective Hamiltonian (see e.g. [KMSW]).
For each semiclassical Schro¨dinger operator Pj (j = 1, 2) with C
∞ poten-
tial Vj(x), it is well known that there are no resonances with imaginary part
of order h log(1/h) around an energy level E0 satisfying the non-trapping
condition (see [Ma2, SjZw]). We recall that an energy E0 is said to be
non-trapping if for all compact K ⊂ p−1j (E0) there exists TK > 0 such that
(1.2) (x, ξ) ∈ K =⇒ exp(tHpj )(x, ξ) 6∈ K, |t| > TK .
Here, the function pj(x, ξ) = ξ
2 + Vj(x) defined on the phase space Rx×Rξ
is the symbol of Pj in the sense of Eq. (3.1), Hpj = 2ξ∂x − V ′j (x)∂ξ is the
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Figure 1. A case with a directed cycle (Case T)
Figure 2. A case without any directed cycles (Case N)
Hamiltonian vector field, and exp(tHpj )(x, ξ) is the corresponding Hamil-
tonian flow. It is well-known that (see [GeMa]) the non-trapping condition
(1.2) is equivalent to the existence of an escape function Gj(x, ξ) in a neigh-
borhood of p−1j (E0), that is,
∃Gj ∈ C∞(R2;R); Hpj (Gj) ≥ δ > 0 for |pj(x, ξ)− E0| ≤ .(1.3)
In this article, we consider a non-trapping energy for both P1 and P2.
Under certain conditions, the operator P has the same resonance free domain
as in the scalar case. First, under the gap condition (i.e., infx∈R(V2(x) −
V1(x)) > 0), P (h) is unitarily equivalent to a diagonal operator (see [Sj2]),
and we can apply the Martinez’s approach [Ma2] to the system. Next, if
there exists a common escape function G such that (1.3) holds for both p1
and p2, then the Sjo¨strand-Zworski’s approach [SjZw] can also be applied to
the system P (h) (see [As, ADF]). Notice that the gap condition implies the
existence of a common escape function G.
However, the situation becomes more complicated when the characteristic
sets p−11 (E0) and p
−1
2 (E0) cross each other, that is, when the set of crossing
points Γc = Γc(E0) := p
−1
1 (E0) ∩ p−12 (E0) is not empty. In particular, if
they form a “directed cycle” (see Figures 3 and page 5), there is no common
escape function. It is natural to expect to find resonances of P (h) with
imaginary part of order h log(1/h).
In this paper, we study the absence of resonances for the system P (h) in
the presence of finitely many crossing points below E0 especially when there
is no common escape function (see Figure 3). In Theorem 2.1, we obtain the
resonance free domain of size Mh log(1/h) with M := (2ν − 1)T−1. Here,
T = T (E0) stands for the time which a classical particle spends traveling
along a directed cycle (see page 5).
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We emphasize that the proof of Theorem 2.1 relies on microlocal argument
independent of both Martinez [Ma2] and Sjo¨strand-Zworski [SjZw]. Our
argument can be briefly summarized as follows : We construct microlocal
WKB solutions supported on the characteristic set Γ = Γ(E0) := p
−1
1 (E0)∪
p−12 (E0) except at crossing points and turning points, and we connect them
by connection formulae. We prove that if |ImE| < Mh log(1/h) with M
mentioned above, then the microlocal WKB solution becomes smaller after
a connection around certain directed cycle, which is a contradiction.
These microlocal connection formulae were established in [AsFu, FMW3]
using normal form in the spirit of [CdvPa, HeSj2, Sj1] (see also [BFRZ1,
BFRZ2, Cdv]).
Finally, we note that, in the case ν > 1, we can prove a resonance free
domain of order M ′h log(1/h) for some constant M ′ > 0 only by a resolvent
estimate (see Remark 2.3 and A). This method works even in the multidi-
mensional case, but does not give the precise value of M ′.
This work is motivated by the serie of works [Ash, Ba, FMW1, FMW3,
Ma1, Na] where the width of resonances of the same (or more general) op-
erator as P are studied for different potentials and different energy levels
(see also [AsFu, Pe] for studies concerning eigenvalue splitting for systems).
In particular, in [FMW3], the asymptotics of the resonances when the cor-
responding classical dynamical system has a directed cycle was given. The
quantum effect of the crossing appears in the asymptotics of the resonances,
but the principal part is governed by the Bohr-Sommerfeld quantization rule
associated with the simple well of one of the potentials. In our work, there is
no cycle made only by a single potential, and the effect of crossing appears
in the constant M . Finally, it is worth mentioning that in the papers stated
above, they only consider weaker interaction than in our case, i.e., the case
ν = 1 (or ν = 2 in [Pe]).
2. Main Result
We study the absence of resonances in the semiclassical limit h → 0+ in
a neighborhood of an energy E0 ∈ R. Throughout this paper, we assume
the following (A1)–(A4) :
(A1) For j = 1, 2, Vj(x) is a real-valued smooth function on R, satisfying
following conditions:
(1) It extends to a holomorphic function in an anguler complex domain
near infinity
S = {x ∈ C ; |Im x| < (tan θ0)|Re x|, |Re x| > R0}
for some constants 0 < θ0 < pi/2, R0 > 0.
(2) It admits limits as Rex→ ±∞ in S, and
v±j := limRe x→±∞
x∈S
Vj(x) 6= E0.
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(3) The energy E0 is non-trapping for Pj(h), i.e., the condition (1.2) (or
equivalently (1.3)) holds.
(A2) The operator W (x, hDx) has the form
W (x, hDx) = r0(x) + ir1(x)hDx, Dx := −i d
dx
where r0 and r1 are bounded smooth real-valued functions on R and extend
to holomorphic functions in S.
In this situation, P is essentially self-adjoint with domain H2(R)⊕H2(R),
and the resonances of P can be defined, e.g., as the values E ∈ C− = {Imz <
0} such that the equation Pu = Eu has a non trivial outgoing solution u,
that is, a non identically vanishing solution such that, for some θ ∈]0, θ0],
the function u◦ ζθ is in L2(R)⊕L2(R) where ζθ ∈ C∞(R) satisfies ζθ(x) = x
for |x| ≤ R0 and ζθ(x) = xeiθ for |x| ≥ 2R0 (see, e.g., [AgCo, DyZw,
ReSi]). Equivalently, the resonances are the eigenvalues of the operator
Pθ = UθPU
−1
θ acting on L
2(Rθ) ⊕ L2(Rθ), where Rθ = ζθ(R) is a complex
dilation of R and Uθu = |ζ ′θ(x)|1/2u ◦ ζθ (see, e.g., [HeMa]). Note that there
is no essential spectrum in some h-independent complex neighborhood of
E0 due to the assumption v
±
j 6= E0. We denote by Res(P ) the set of these
resonances.
We denote the characteristic set of Pj by
Γj = Γj(E0) := p
−1
j (E0) = {(x, ξ) ∈ R2 ; ξ2 + Vj(x) = E0} (j = 1, 2).
We define the set of crossing points in the phase space by Γc = Γc(E0) :=
Γ1∩Γ2. Let w(x, ξ) = r0(x)+ir1(x)ξ be the principal symbol of the operator
W .
(A3) The set Γc(E0) is finite. Γ1 and Γ2 intersect transversally at every
point of Γc, and they are not asymptotic to each other (i.e., v
+
1 6= v+2 and
v−1 6= v−2 holds).
(A4) The operator W is microlocally elliptic at each point of Γc (i.e., w(ρ) 6=
0 holds for all ρ ∈ Γc) .
We introduce a graph structure on Γ. Let Γt = Γt(E0) := {(x, 0); x ∈
(V −11 (E0) ∪ V −12 (E0))} be the set of turning points, and
V = V(E0) := Γc ∪ Γt, Vj := V ∩ Γj (vertices).
Then, the set Γ \V can be uniquely written as a disjoint union of connected
components Γ \ V = ⊔ E˜ , and we put
E = E(E0) := {γ ∈ E˜ ; γ : bounded}, Ej = Ej(E0) := {γ ∈ E ; γ ⊂ Γj} (edges).
Then we have E = E1 unionsq E2, and we can see the pairs G := (E ,V) and
Gj := (Ej ,Vj) as graphs by identifying each element of E with the pair of its
endpoints. We see that some cycle may appear in the graph G when Γc 6= ∅.
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Next, we give an orientation to the graph by Hamiltonian vector field. In
other words, let the time function t given by the following path integral
t(γ) :=
∫
γ
dx
2ξ
(γ ∈ E)(2.1)
be positive for all γ ∈ E . Then, one has
exp(t(γ)Hpj )(γ−) = γ+ for any γ ∈ Ej ,
where γ− and γ+ stand for the initial and the terminal points of γ respec-
tively after orientation (γ± ∈ V). This means that t(γ) is the time which
a classical particle spends traveling along γ from γ− to γ+. We can extend
the time function t to the paths (consecutive sequence of edges) on G by
t(γ) :=
m∑
k=1
t(γk),
(
γ =
m⋃
k=1
γk : a path, γk ∈ E
)
.(2.2)
We denote ~C(E0) the set of directed cycles, and ~Cpr(E0) the set of directed
cycles consisting of two paths belonging to Γ1 and Γ2, respectively
~Cpr(E0) := {γ = γ1 ∪ γ2 ∈ ~C(E0) ; γj is a path in Gj (j = 1, 2)}.
Notice that ~Cpr(E0) is finite, and not empty whenever ~C(E0) 6= ∅.
Theorem 2.1. Assume (A1)–(A4). Then, there exists a positive constant
M such that
Res(P (h)) ∩ {z ∈ C−; |z − E0| < Mh log(1/h)} = ∅(2.3)
holds for h small enough. Here, the constant M > 0 is given by
M =
2ν − 1
T (E0)
with T (E0) = max
γ∈~Cpr(E0)
t(γ),(2.4)
if ~C(E0) 6= ∅. Otherwise, it is arbitrary.
Remark 2.2. (1) If ~C(E0) = ∅, we have a common escape function
for both P1 and P2, and we can apply Sjo¨strand-Zworski’s approach
[SjZw] to show (2.3) with arbitrary M (see [As, ADF]). Our method
gives a different proof.
(2) Since the set of energies E satisfying Assumptions (A1)–(A4) is
open, there exists some interval I such that our result holds uni-
formly in ReE ∈ I.
Remark 2.3. Under Assumptions (A1) and (A2), there exist positive (h, ν)-
independent constants M1 and h0 such that there are no resonances of P (h)
in {z ∈ C−; |z −E0| < Mh log(1/h)} for all h ∈]0, h0] with M = M1(ν − 1)
(only for ν > 1). This holds for d-dimensional case, that is,
Pj = −h2 4+Vj(x) and W = r0(x) +
d∑
k=1
r1,k(x)h
d
dxk
, (x ∈ Rd)
(2.5)
with r0, r1,k, Vj ∈ C∞(Rd;R) extend analytically to Sd (k = 1, . . . , d, j =
1, 2), Vj admits limit v
∞
j 6= E0 as |x| → +∞ in Sd. We give the proof in A.
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3. Proof of the Theorem
In this section, we give a proof of Theorem 2.1.
3.1. Semiclassical and microlocal terminologies. Here, we recall some
basic notions of semiclassical and mirolocal analysis, referring to the books
[DiSj, Ma3, Zw] for more details. Let Sm be the space of symbols
Sm :=
{
a ∈ C∞(R2;C) ;
∣∣∣∂kx∂lξa∣∣∣ ≤ Ck,l(1 + ξ2)(m−l)/2 for all k, l ∈ N}
with N = {0, 1, 2, . . .}. The h-pseudodifferential operator corresponding to
a symbol a ∈ Sm denoted aw(x, hD) is defined on Sobolev space Hm(R) by
aw(x, hD)u(x) :=
1
2pih
∫
R2
ei(x−y)ξ/ha
(
x+ y
2
, ξ
)
u(y)dydξ.(3.1)
Let U ⊂ R2 and f = f(x;h) ∈ L2(R) with ‖f‖L2 ≤ 1. We say f is
microlocally 0 in U and write
f(x;h) ∼ 0 microlocally in U
if there exists a symbol χ(x, ξ) ∈ S0(R2) with χ(x, ξ) 6= 0 for all (x, ξ) ∈ U
such that
χw(x, hD)f(x;h) = O(h∞) uniformly in R2.
We define WFh(f) the semiclassical wave front set of f as the set of all points
of R2 such that f is not microlocally 0. The followings are well-known (see
e.g. [Zw, Theorem 12.5]) : If f satisfies aw(x, hD)f ∼ 0 microlocally in
U , we have WFh(f) ⊂ {a = 0}. Moreover, if ∂a 6= 0 on {a = 0}, the
semiclassical wave front set WFh(f) is invariant under the Hamiltonian flow
of a. According to them, in our problem, the semiclassical wave front set of
a resonant state u is a subset of the characteristic set Γ, and the space of
microlocal solutions on each edge γ ∈ E is one-dimensional.
Let Λ be the set defined by Λ = {k + lν ; k, l ∈ N}. We say that an
h-dependent constant µ(h) has an asymptotic expansion
µ(h) ∼
∑
λ∈Λ
hλµλ(3.2)
if for every λ0 ∈ Λ, there exists a constant Cλ0 such that∣∣∣∣µ(h)− ∑
λ∈Λ,λ<λ0
hλµλ
∣∣∣∣ < Cλ0hλ0(3.3)
holds for small h > 0. Here, µ, µλ can depend on some other parameters.
3.2. One point crossing case. For simplicity, in this subsection, we give
the proof of our Theorem in the case of one crossing point (see Figures
1,2), and we send the reader to subsection 3.3 for the proof in the general
case. We take M ′ > 0 arbitrary, and assume that throughout this section
E ∈ Bh(M ′) = {z ∈ C−; |z − E0| < M ′h log(1/h)}. We assume that
{V1 = V2 ≤ E0} = {0}, V1(0) = V2(0) = 0, V ′1(0) > V ′2(0), v−1 < E0 < v+1 ,
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and there exist x1, x2 ∈ R such that V −1j (E0) = {xj} holds for both j = 1, 2.
In this situation, existence and non-existence of directed cycle is equivalent
to
v−2 > E0 > v
+
2 (Case T), and v
−
2 < E0 < v
+
2 (Case N),
respectively (also equivalent to x2 < 0 < x1 and 0 < x1 < x2), and the sets
Γ1 and Γ2 cross at two points ρ
±(E0) := (0,±
√
E0). For j = 1, 2, we also
put (see Figures 1 and 2),
Γj,L = {(x, ξ) ∈ Γj ; x < 0}, γ±j,L = {(x, ξ) ∈ Γj ; x < 0,±ξ > 0},
Γj,R = {(x, ξ) ∈ Γj ; x > 0}, γ±j,R = {(x, ξ) ∈ Γj ; x > 0,±ξ > 0}.
By these notation, we have Γc = {ρ±}, Γt = {x1, x2}, E˜ = {γ±j,S ; (j, S) ∈
{1, 2} × {L,R}}.
3.2.1. Review of microlocal connection formulae. In this section, we recall
the microlocal connection formulae at crossing and turning points from
[FMW3, Sec. 5] and [AsFu, Sec. 4]. Notice that, in these works, the
considered energy E is complex with imaginary part of order h in [FMW3]
and real in [AsFu]. However, in our case, we deal with complex energies with
imaginary part of order h log(1/h). Thus, some terms which were negligible
as h→ 0+ have to be controlled in our case. Also, [FMW3] suppose that V1
and V2 are analytic, and we apply normal form of [Sj1] same as in [AsFu].
Note that the definition of asymptotic series is extended by Eqs. (3.2), (3.3),
and we can treat the parameter ν.
For each (j, S) ∈ {1, 2} × {L,R}, there exist functions f±j,S = f±j,S(x;h)
such that
(P − E)f±j,S ∼ 0, f±j,S ∼ e±iφ
0
j (x)/h(a±j , b
±
j )
T microlocally on γ±j,S .(3.4)
Here, the phase function φ0j (x) is given by
φ0j (x) :=
∫ x
0
(√
E0 − Vj(t) + E − E0
2
√
E0 − Vj(t)
)
dt,
and a±j = a
±
j (x;h) ∼
∑
λ∈Λ h
λa±j,λ(x) and b
±
j = b
±
j (x;h) ∼
∑
λ∈Λ h
λb±j,λ(x)
are symbols whose first coefficients are given by
a±1,0(x) =
1
(E0 − V1(x))1/4
,
b±1,ν(x) =
r0(x)∓ ir1(x)
√
E0 − V1(x)
(V1(x)− V2(x))(E0 − V1(x))1/4
.
(3.5)
Similar computation on γ±2,S (S = L,R) leads a
±
2,λ ≡ 0 (λ < ν), and
b±2,0(x) =
1
(E0 − V2(x))1/4
,
a±2,ν(x) =
−r0(x)∓ ir1(x)
√
E0 − V2(x)
(V1(x)− V2(x))(E0 − V2(x))1/4
.
(3.6)
In particular, b±1,λ ≡ a±2,λ ≡ 0 holds for all λ < ν.
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Since the space of microlocal solutions on each edge is one-dimmensional,
if a function u is a resonant state corresponding to E, there exist constants
α±j,S = α
±
j,S(h) for (j, S) ∈ {1, 2} × {L,R} such that
u ∼ α±j,Sf±j,S microlocally on γ±j,S .
Then it holds that(
α+1,R
α+2,R
)
=
(
τ+1,1 τ
+
1,2
τ+2,1 τ
+
2,2
)(
α+1,L
α+2,L
)
,
(
α−2,L
α−1,L
)
=
(
τ−1,1 τ
−
1,2
τ−2,1 τ
−
2,2
)(
α−2,R
α−1,R
)
,(3.7)
and {
α−1,R = m1α
+
1,R, and α
−
2,L = m2α
+
2,L (Case T)
α−j,R = mjα
−
j,R (Case N).
(3.8)
where the constants τ±j,k = τ
±
j,k(E;h) and mj = mj(E;h) behave
τ±1,1 = 1 +O(hν
′
), τ±1,2 = −ihν−ω
±
1 − 12 (σ± +O(hν′)),
τ±2,1 = −ihν−ω
±
2 − 12 (σ± +O(hν′)), τ±2,2 = 1 +O(hν
′
),
(3.9)
mj = (−i+O(hν′))e2i(Sj+(E−E0)Tj)/h,
(3.10)
as h→ 0+ uniformly for E ∈ Bh(M ′). Here, the constants ν ′, ω±j , σ±, Sj , Tj
are given by
ν ′ = min{1, ν}, ω±j := iµ±j h−1+2ν , σ± := e±ipi/4E−1/40 w(ρ±)
√
pi
v1 − v2 ,
Sj =
∫ xj
0
√
E0 − Vj(x) dx, Tj =
∫ xj
0
dx√
E0 − Vj(x)
,
(3.11)
with the constants µ±j = O(1). Moreover, when ν ∈ ]1/2, 1[, we have
µ±j =
|w(ρ±)|
2
√
E0(v1 − v2)
+O(h2(1−ν)), vj := V ′j (0).
Notice that σ± = σ∓.
Remark 3.1. (1) Eq. (3.7) suggests that a “small difference” between
two Schro¨dinger operators (|V ′1(0)−V ′2(0)| = |τ1−τ2| small), a “small
energy” (E0 small) and a “big interaction” at ρ
± (|w(ρ±)| big and
ν small) make it easier to transfer between two charachteristic sets
Γ1 and Γ2.
(2) For each j = 1, 2, the value 2Sj is the area of region enclosed by
ξ-axis and Γj in the phase space, and the value 2Tj satisfies Tj =
t(γ+j,S ∪ γ−j,S) by chosing suitable S = L,R.
3.2.2. Contradiction argument. We give a proof for the case with only one
crossing point by using the previous connection formulae. Suppose that
E ∈ Bh(M ′) is a resonance of P , and that u(x;h) = (u1(x;h), u2(x, h))T is
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a correspoding resonant state. Then, u is microlocally 0 in incoming region,
that is, {
u ∼ 0 microlocally on γ+1,L ∪ γ−2,R (Case T)
u ∼ 0 microlocally on γ+1,L ∪ γ+2,L (Case N).
(3.12)
For Case T, we can assume that α+2,L = 1, i.e., u ∼ f+2,L microlocally on γ+2,L.
Then by (3.7) and by u ∼ 0 microlocally on γ+1,L, we have
u ∼ τ+2,2f+1,R microlocally on γ+1,R.
Similarly, by Eqs. (3.7), (3.8) and by u ∼ 0 microlocally on γ−2,R, we have
u ∼ C(E;h)f+2,L microlocally on γ+2,L,
with C(E;h) := m2τ
−
1,2m1τ
+
1,2. Here, we have
C(E;h) =
(
|σ+|2 +O(hν′)
)
h2ν−1−(ω
+
1 +ω
−
2 ) exp
(
i
h
(S + (E − E0)T )
)
,
where S = S(E0) := 2(S1 + S2) is the area of the domain bounded by the
directed cycle γ := (γ+1,R ∪ γ−1,R)∪ (γ−2,L ∪ γ+2,L) ∈ ~Cpr(E0) in the phase space,
and
T = T (E0) = 2(T1 + T2) = t(γ)
is the time required for a classical particle to travel along γ. (Note that
|σ+|2 = σ+σ−.) In particular,
C(E;h) = O(h2ν−1eT (E0)|ImE|/h)(3.13)
holds. We see immediately that if E ∈ Bh(M), |C(E;h)|  1 for small h.
Because E ∈ Bh(M) implies that |ImE| < 2ν−1T (E0)h log(1/h). This leads to
a contradiction. Hence, we deduce that there are no resonances of P (h) in
Bh(M).
For Case N, we have u ∼ 0 microlocally on γ+1,L ∪ γ+2,L by (3.12). So by
(3.7), we also have
u ∼ 0 microlocally on γ+1,R ∪ γ+2,R.
Similarly, Eqs. (3.8), (3.7) imply that u ∼ 0 microlocally γ−1,R ∪ γ−2,R and
γ−1,L ∪ γ−2,L, respectively. This leads that u ≡ O(h∞) and contradicts with
the fact that u is a resonant state (non identically vanishing).
3.3. The case with finitely many crossing points. Here, we consider
the general case. Arguments are essentially same as the one point cross-
ing case. If ~C(E0) 6= ∅, using connection formulae, we obtain a necessary
condition C(E;h) = 1 by an almost same way as Case T above with
C(E;h) = (1 +O(hν′))
∑
γ∈ ~C2(E0)
Cγ(E;h).(3.14)
Notice that for each directed cycle γ ∈ ~C2(E0), there are two paths γ1 and γ2
of G1 and G2 such that γ = γ1 ∪ γ2, and we denote the common initial point
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Figure 3. E0, V1, V2 satisfying Assumptions (A1)–(A4) and
~C(E0) 6= ∅.
of γj (i.e., terminal point of the other) by ρj . Then the constants Cγ(E;h)
in (3.14) are given by(
σρ1σρ2 +O(hν
′
)
)
h2ν−1−(ωρ1+ωρ2 ) exp
(
i
h
(Sγ + (E − E0)Tγ)
)
,
where the constats σρj , ωρj are given similarly as (3.11). In particular,
Sγ =
∫
γ
ξdx, Tγ =
∫
γ
dx
2ξ
= t(γ).
If E ∈ Bh(M), Cγ(E;h) → 0 as h → 0+ for all γ ∈ ~Cpr(E0). Consequently,
we see that C(E;h)→ 0 as h→ 0+. This leads to a contradiction.
When ~C(E0) = ∅, the argument is exactly the same as Case N above, that
is, we obtain u ≡ O(h∞) after connecting.
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Appendix A. Resolvent Estimate
Here, we give the proof of Remark 2.3. The operators Pj ,W are given
by Eq. (2.5), and the definition of escape function extends naturally to d-
dimensional case. Take positive constants M ′ > M > 0 (to be determined
later) and E ∈ Bh(M) = {z ∈ C−; |z − E0| < Mh log(1/h)}. By (A1), we
have an escape function Gj(x, ξ) ∈ C∞(R2d;R) for each Pj (j = 1, 2). Put
P0 :=
(
P1 0
0 P2
)
, W0 :=
(
0 W
W ∗ 0
)
, U˜ :=
(
e−εG˜w1 /h 0
0 e−εG˜w2 /h
)
,
(A.1)
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where ε = M ′h log(1/h), θ = tan−1(ε), and G˜j = Gj − ζ0(x) · ξ, where
ζ0 is an Rd-valued function ζ0 satisfying ζ˜θ(Rd) = ζθ(Rd) with ζ˜θ(x) :=
x+ i(tan θ)ζ0(x). Then, we have
U˜(Pθ − E)U˜−1 =
[
I + hνW0,θ(P0,θ − E)−1
]
(P0,θ − E),(A.2)
where P0,θ = U˜UθP0U
−1
θ U˜
−1, W0,θ = U˜UθW0U−1θ U˜
−1. By the approach of
Sjo¨strand-Zworski [SjZw, page 401], there exists a constant c such that∥∥∥e−εGwj /hUθPjU−1θ eεGwj /h − E0∥∥∥ ≥ cε,(A.3)
and consequently, if M ≤ c′M ′ with some 0 < c′ < c, we have∥∥∥(P0,θ − E)−1∥∥∥ ≤ C1
h log(1/h)
.(A.4)
On the other hand, for the (1, 2)-element of the operator W0,θ, we have
∥∥∥e−εGw1 /hUθWU−1θ eεGw2 /h∥∥∥ ≤ C2eM ′‖G2−G1‖∞ log(1/h) = C2h−M ′‖G2−G1‖∞ .
(A.5)
Here, we can assume that Gj(x, ξ) = x · ξ for |(x, ξ)| large enough, then
G2 −G1 is bounded (i.e. ‖G2 −G1‖∞ < +∞). Therefore,
hν
∥∥∥W0,θ (P0,θ − E)−1∥∥∥ ≤ C3hν−1−M ′‖G2−G1‖∞
log(1/h)
.(A.6)
Thus, if M ′ ≤ (ν − 1)‖G2 −G1‖−1∞ , the operator I + hνW0,θ(P0,θ − E)−1 is
invertible for small h. This means that E is an element of the resolvent set
of the operator Pθ, hence E /∈ Res(P ).
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